Electric-field dependent ion mobility is calculated in the framework of the two-temperature displaced-distribution theory. The considered approach provides a better accuracy than the conventional approach based on (the first approximation in) the two-temperature theory and is better justified for the case of heavy ions, while being not much more complicated than the conventional approach. Calculated ion mobilities are in good agreement with experimental data.
Introduction
Motion of ions in an applied electric field in a uniform weakly ionized gas is characterized by the ion mobility, which, in a general case, depends on the electric field strength. If the gas in question is hot, in most cases there is no experimental information in the literature and one must resort to the kinetic theory in order to evaluate the mobility in terms of a potential of the ion-neutral particle interaction (which in many situations is known or may be estimated relatively easily) or in terms of experimental data available for the same gas under different conditions (measurements of mobilities at the room temperature are available for many gases).
The simplest tool of the kinetic theory available in the literature for a rapid evaluation of the mobility of ions with account of a dependence on the local electric field is the first approximation in the framework of the so-called twotemperature theory [1] . Such an approach is based on the assumption that the ion distribution function is close to the Maxwellian one, with a temperature that may be different from the temperature of neutral particles (atoms). This assumption implies, in particular, that the drift velocity of the ions is much smaller than their thermal velocity. The latter assumption holds when the mass of ions, m i , is much smaller than the mass of atoms, m a , and is violated for m i /m a O (1) .
In order to overcome this difficulty, one can assume that the ion distribution function, being close to the Maxwellian function with a temperature that may be different from the atomic temperature, is displaced relative to the atoms, i.e. characterized by a non-negligible mean velocity of the ions. Such an approach may be termed the two-temperature displaced-distribution theory. The next step is to introduce in the (displaced) ion distribution function two different temperatures, one in the direction along the electric field and another in the transversal directions. The latter approach is usually termed the three-temperature theory, and it is to this approach that most of the attention has been paid in the literature [1] . Obviously, the three-temperature theory is more complex than the two-temperature displaced-distribution theory. On the other hand, it is not quite clear whether the introduction of different temperatures in the direction along the field and in the transversal directions results in a substantial enhancement of accuracy of the theory. It should be emphasized in this connection that there are indications [1, 2] that an account of the velocity displacement plays a more important role than the temperature anisotropy.
In [3] , the two-temperature displaced-distribution description has appeared in a natural way as a part of the fluid description of ion motion with account of variable ion temperature under conditions of non-uniform plasma, where gradients are strong and the distribution function of the ions is far from equilibrium with a local electric field. It should be emphasized that rates of exchange of momentum and energy between the ion and atom fluids, calculated within this two-temperature displaced-distribution description, take exact values in the case when the mean ion velocity is much higher than their thermal velocity (i.e. the ions constitute a beam in the neutral gas). This is essential for a correct description of ion motion both in uniform plasmas in the case m i m a and in non-uniform plasmas, where the ions may be accelerated up to velocities much higher than their thermal speed.
It is of interest to apply this two-temperature displaceddistribution description to the calculation of ion mobilities in spatially uniform plasma and to compare high-field mobilities of ions calculated in such a way with other theoretical results and with experimental data. It will give an idea of accuracy of this approach as is used in the fluid description of ion motion and may even result in a method of rapid evaluation of mobility which, while being not much more complicated than the first approximation in the two-temperature theory, would give more accurate mobility values and would be better justified for the case m i /m a O(1).
Theory

The model
Consider steady-state motion of ions in a uniform neutral gas in a uniform electric field E. Equations of conservation of momentum and energy of the ion fluid may be written in the form
where n i and v i are the number density and the mean (drift) velocity of ions and r
ia are the rates of loss per unit volume of, respectively, momentum and energy of the ions due to (elastic) collisions with neutral particles.
The rates r (m) ia and r (e) ia are expressed in terms of distribution functions of neutral particles and ions and of the crosssection for momentum transfer between the ions and the neutral particles. If the ionization degree is low enough, the distribution of neutral particles is not disturbed by the presence of ions and is described by the Maxwellian function. The distribution of ions will be approximated by a shifted Maxwellian function
where T i is the temperature of the ion species. Then, one can use results [3] and arrive at the following expressions:
where
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Here, T and n are the temperature and number density of neutral particles and Q (1) ia = Q (1) ia (g) is the velocity-dependent cross-section for momentum transfer in collisions of ions with neutral particles. Note that m ia is the reduced mass, quantity T ia may be called the reduced temperature,Q (1, 1) ia is the conventional average cross section for momentum transfer evaluated at the temperature T i , µ i is the mobility of the ions in the gas of neutral particles, η and χ are dimensionless coefficients expressed in terms of the weighted cross-sections Q (m) ia and Q (e) ia . M may be termed the Mach number of the ion motion; note that it can be written also in the form
where u i = √ 2kT i /m i and u a = √ 2kT /m a are characteristic thermal velocities of the ions and the atoms.
Using equations (3) and (4), one can rewrite equation (1) as
The first equation in equation (12) (12) by setting χ = 1. It may be shown also that the ratio of the ion temperature to the reduced temperature is given by the equation
Now the model is complete. In order to determine the ion drift velocity and temperature as functions of E/n and T , one needs to solve equations in equation (12) for v i and T i .
It should be emphasized that the form of the expressions for the ion mobility and temperature, equation (6) and the second equation in equation (12), has been chosen in such a way that the structure of these equations is identical, to the accuracy of coefficients η and χ, to that of the respective expressions in the first approximation in the twotemperature theory (e.g. [1, equations (6-2-12) and (6-2-13)]).
(Note that what appears in place of T i in the formulae of the first approximation in the two-temperature theory is the temperature T eff defined by an equation formally similar to the above definition of T ia . However, if one removes T from the definition of T eff by means of the (classical) Wannier equation and takes into account that the temperature T b [1] , being related to the total mean ion energy, is different from the ion temperature T i of the present work, then T eff will become equal to T i ). In other words, if coefficients η and χ are set equal to unity, then the formulae of the present model will coincide with the respective formulae of the first approximation in the two-temperature theory.
Properties of coefficients η and χ
Coefficients η and χ, as all other quantities characterizing ion transport, are governed by E/n and T . From the point of view of calculations, however, it is possible and convenient to consider formally these coefficients as functions of M and T ia . (Note that T i in the definitions of η and ofQ (1, 1) ia may be expressed in terms of T ia by means of equation (13).) In the particular case of a power-like dependence of the cross-section for momentum transfer on the relative velocity, Q (1) 
n , where C and n are constant quantities, these coefficients are independent of T ia and depend only on M.
In the limiting case M → 0, one finds η → 1, χ → 1, which follows from the fact that ia must be found to a second approximation in order to determine a first approximation asymptotic behaviour of the coefficient χ.) Using equation (40) of appendix, one finds the following asymptotic behaviour in the limit M → ∞:
where γ 1 is a coefficient given by equation (39) of appendix. For the particular case of a power-like dependence of the cross-section for momentum transfer on the relative velocity, one finds
Thus, equation (14) in this case assumes the form
One can see that in the particular case of a power-like dependence of the cross-section for momentum transfer on the relative velocity coefficients η and χ tend in the limit M → ∞ to finite values. For an arbitrary cross-section for momentum transfer, coefficients η and χ must be calculated by means of numerical integration. For some model cross-sections, they may also be found analytically [3] . For completeness, we present here expressions for the cases when ions interact with neutral particles as Maxwell molecules or rigid spheres. In accord to the above, the coefficients η and χ are independent of T ia in these cases and may depend only on M. For Maxwell molecules (Q
ia (g) = C/g, the model of constant collision frequency), one gets
As it should have been expected, this equation conforms to the limit values given by equation (16) for n = −1.
For the model of rigid spheres (Q (1) ia (g) = C, the model of constant mean free path), one gets
(19) Graphs of these functions are shown in figure 1. Also shown are limit values given by equation (16) for n = 0, which are η = √ 9π/32 ≈ 0.94 and χ = 4/3 (as it should have been expected, these values coincide with those given by equations (16) and (19) in the limiting case M → ∞). One can see that the coefficient η is slightly non-monotonous. While this coefficient is (for the model of rigid spheres) not very different from unity, coefficient χ may exceed unity by more than 30%.
Limiting cases of low and high electric fields
If the electric field is low enough, the ion temperature is close to the atomic temperature, T i − T T . Using the second equation in equation (12), one can see that the last inequality is equivalent to v i u a , meaning that the lowfield limit corresponds to the ion drift velocity being much smaller than thermal velocities of neutral particles, in accord to the criterion of the low-field behaviour [ 
It follows from equation (11) that M 1 in the limiting case considered. According to the above, η → 1, χ → 1 in this limiting case and the value of the ion mobility given by equation (6) coincides with the one evaluated by means of the first approximation in expansion in the Sonine polynomials in the method of Chapman-Enskog at the gas temperature.
In the opposite limiting case of high electric field, T i T , or, which is equivalent, v i u a , it follows from the second equation in equation (12) and from equation (11) that 
Approximations of the model
An approximate character of the considered model stems from the fact that the ion distribution function is replaced by the shifted Maxwellian function (2) while calculating the rates of momentum and energy exchange between ions and neutral particles. The model should provide exact results in particular cases when a difference between the exact distribution and the shifted Maxwellian function does not affect the rates. Two such cases can be indicated. First, this is a case of heavy ions, m i m a , in high electric fields. In such a case v i u i ; the ion swarm is close to a monoenergetic particle beam and all collisions occur at approximately the same relative velocity v i . The difference between the exact distribution and the shifted Maxwellian function is insignificant (both distributions are close to the delta-function), hence the model should give exact values for the rates of momentum and energy exchange. Indeed, employing the first equation in equation (14) (note that M 1 in the case considered), one arrives at the exact value of the ion mobility for the case considered, µ i = e/m ia nv i Q (1) ia (v i ). Note that the value of the ion temperature given by the model in this particular case need not be exact: on the one hand, it does not affect the ion mobility; on the other hand, it is governed by the first term in square brackets on the right-hand side of equation (4), which is negligible relative to the second term and is not calculated quite correctly.
Another case when the difference between the exact distribution and the shifted Maxwellian function does not affect the rates of momentum and energy exchange between ions and neutral particles is the case of Maxwell molecules. A form of the distribution function produces no effect whatsoever on the rates in this case. Indeed, substituting η = 1 into equation (6) , one arrives at the exact expression for the ion mobility for the model of Maxwell molecules, µ i = e/m ia ngQ (1) ia (g); the classical Wannier equation, to which the second equation in equation (12) is reduced with χ = 1, is exact for the model of Maxwell molecules regardless of the distribution function provided that 3 2 kT i is understood as the mean kinetic energy of the ion chaotic motion [1, p 153-4] .
Apart from the case of heavy ions in high electric fields, another particular case exists in which the difference between the exact distribution and the shifted Maxwellian function (2) is small. This is the case of low electric field, in which both the exact distribution and the shifted Maxwellian function are close to the non-shifted Maxwellian function with the atomic temperature. (Strictly speaking, this does not apply to heavy ions since the inequality v i u a does not guarantee validity of the inequality v i u i in this situation, however, both the exact distribution and the shifted Maxwellian function are close to a non-shifted delta-function in such a situation.) However, the rate of momentum exchange in this case is governed just by an anisotropic part of the distribution. Hence, the difference between the exact distribution and the shifted Maxwellian function, in spite of being infinitesimal in this particular case, can produce a finite effect on the ion mobility. This is why the model gives in this case the above-mentioned (approximate) value coinciding with the first approximation in the method of Chapman-Enskog rather than an exact value. However, the difference between the two values is very small in most cases, so the accuracy of the model in the limiting case of low field is quite high.
Comparison with other theoretical results
Consider first the case of light ions, when M 1 regardless of the electric field. The shift in the ion distribution function (2) is inessential and the model considered should be equivalent to the first approximation in the two-temperature theory. Since η = χ = 1 at M → 0, this is indeed the case. Note that µ i in this case coincides with the value of ion mobility evaluated by means of the first approximation in expansion in the Sonine polynomials in the method of Chapman-Enskog at the temperature T i .
In [4] , the high-field mobility was calculated by a moment method for the model of rigid spheres. In accord to the above, coefficient χ is independent of T ia for this model and is a function of M only, hence equation (20) 
respectively. The reduced high-field ion drift velocity for the model of rigid spheres is given in the framework of the approach considered by the expression
Here a = eE/m i is the ion acceleration, λ = 1/nQ (1) ia is the mean free path between collisions of an ion with neutrals, x = m i /(m i + m a ), and f is a function of x defined by the equation
where coefficients η and χ are evaluated in terms of the highfield Mach number which is governed by equation (20) and shown in figure 2 .
In figure 3 , the reduced high-field velocity calculated by means of equation (22) is compared with accurate results from [4] for various values of m i /m a . Also shown are the data corresponding to the first approximation in the twotemperature theory, which are given by equation (22) results obtained in the framework of the first approximation in the two-temperature theory.
Note that function f = f (x) may be evaluated, to the accuracy within 0.7%, by means of the explicit formula
This formula has been constructed in such a way as to give correct values of the function f 2 and of its derivatives in the particular cases of infinitely light ions, x = 0, and of infinitely heavy ions, x = 1:
Note that the values of the derivatives are obtained by expanding equations (18) and (19) at M → 0 and M → ∞ and making use of equation (21). A model of ion-atom interaction that involves inelastic collision process is considered in [1, p 360], the total momentum transfer cross-section being the sum of elastic and inelastic collision cross-sections. The cross-section of elastic process is assumed to be constant (independent on the ion energy), while the cross-section of inelastic process is taken equal to the same constant for relative velocities higher than some threshold value v th and equal to zero for velocities lower than v th . Data on the reduced high-field ion drift velocity calculated by means of various methods are given for different values of the reduced field strength aλ/v 2 th at m i = m a . In figure 4 , the data from [1, p 360] are compared with results given by the present approach. One can see that the present results are close to those given by the Monte Carlo simulations and by the fifth approximation in the two-temperature theory, and are more accurate than the ones given by the first approximation in the two-temperature theory. Note that these calculations have been performed for m i = m a ; it should be emphasized that with an increase of the ratio m i /m a the present two-temperature displaceddistribution approach will become still more accurate, while accuracy of the first approximation in the two-temperature theory will deteriorate.
It is also of interest to compare the ion energy in high electric fields calculated by means of the present method with results [4] obtained by means of a moment method on the basis of the three-temperature theory, and with those provided by the first approximation in the two-temperature theory. The average chaotic ion energy is given in the framework of the three-temperature theory by the formula [5] 
where T and T ⊥ are the ion temperatures in the direction along the electric field and in a transversal direction, respectively. In the present model, ε = kT i and one finds in the high-field limit ε m a v
In the first approximation in the two-temperature theory, one finds in the high-field limit
A comparison of results of the present approach with results [4] and with those given by the first approximation in the two-temperature theory is shown in figure 5 for the model of rigid spheres for different ion-atom mass ratios. One can see that both the present approach and the first approximation in the two-temperature theory provide a relatively good accuracy for light ions. For heavy ions, the accuracy of the first approximation in the two-temperature theory is about 50%, while the accuracy of the present approach is better than 15%. : first approximation in the two-temperature theory. +: present work.
Comparison with experimental data
In the case of ions moving in parent gases, ion mobility and diffusion are controlled by charge exchange. The total crosssection of charge exchange may be accurately represented, for a wide range of energies, by an expression of the form [1] 
where a and b are constants and is the relative energy of colliding particles. The energy-dependent momentum transfer cross-section Q (1) ia is related to Q ex as [1] −10 m and is in eV. Note that the data for He have been taken from [1] , for Ar from [6] and for Ne, Kr, and Xe from [7] .
Results of calculations are compared with experimental data in figures 6 and 7. Agreement between the theory and the experiment is good.
Also shown in figure 6 are results for drift velocities in argon obtained with the use of momentum transfer crosssections given in [9] . One can see that the effect of the variation of the cross-section is not considerable.
Concluding remarks
There are different ways of application of the results obtained. The most direct way consists in numerically solving equation (12) for v i and T i for given T and E/n. This can be performed by iterations. An initial approximation may be obtained with the use of the low-field value of the mobility (which is given by equation (6) with η = 1 and T i = T ). The iterations converge rapidly in all the cases considered in this paper, including at high fields (about 12 iterations are required to achieve accuracy within 10 −6 for E/n = 3 × 10 4 Td). A program that performs these calculations for the above-mentioned ion-atom systems is available in [10] .
In the framework of the first approximation in the twotemperature theory, an analytical formula for the ion drift velocity for arbitrary electric fields may be obtained in the model of rigid spheres. It is interesting to note that a similar formula may be derived also in the framework of the approach considered. The procedure is as follows. Writing equation (6) for the model of rigid spheres, expressing from this equation T i in terms of ηv i /E, substituting the result in the second equation in equation (12) and formally solving the obtained equation for v i , one arrives at
Equation ( 
where v LF is the drift velocity evaluated in the low-field approximation and given by the equation
v HF is the drift velocity evaluated in the high-field approximation and given by equation (22), and η HF and χ HF are values of coefficients η and χ evaluated in terms of the high-field Mach number (i.e. the same values that are involved in equation (22)).
The second term in the square brackets on the right-hand side of equation (34) 
will provide correct values in the liming cases of low and high fields and may be considered as an interpolation formula for the intermediate case. It should be emphasized that equation (36), supplemented with equations (22), (24), and (35), represents a closed explicit expression for the drift velocity, in contrast to, e.g. equation (33), in which the right-hand side depends on v i and T i through coefficients χ and η. Thus, equation (36), being an exact result for the model of rigid spheres in the framework of the first approximation in the two-temperature theory, represents a natural interpolation formula in the framework of the present approach. Comparison of this formula (supplemented with equations (22), (24), and (35)) with the full (numerical) solution in the framework of the present approach shows that its accuracy is better than one per cent in the whole range of mass ratio and field strength values.
The employed method, based on the two-temperature displaced-distribution theory, allows one to rapidly evaluate ion mobilities, including cases of a hot gas in a high electric field, without being much more complicated than the conventional approach based on (the first approximation in) the two-temperature theory. It is better justified for the case m i /m a O(1), in particular, it provides essentially better results for the ion energy. Ion mobilities calculated in such a way are in good agreement with experimental data and with results of more elaborate theoretical approaches.
The fact that the application of the two-temperature displaced-distribution description to calculation of ion mobilities in spatially uniform plasmas has proved successful, is important for applications of this approach in the fluid description of ion motion under conditions of a non-uniform plasma, where gradients are strong and the distribution function of the ions is out of equilibrium with the local electric field.
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Appendix. Second approximation asymptotic behaviour of weighted cross-sections at large Mach numbers
We rewrite equation (9) 
